Abstract. In this paper we address the numerical approximation of linear fourth-order elliptic problems on polygonal meshes. In particular, we present a novel nonconforming virtual element discretization of arbitrary order of accuracy for biharmonic problems. The approximation space is made of possibly discontinuous functions, thus giving rise to the fully nonconforming virtual element method. We derive optimal error estimates in a suitable (broken) energy norm and present numerical results to assess the validity of the theoretical estimates.
Introduction
In recent years the study of numerical methods for the approximation of partial differential equations on polygonal and polyhedral meshes has flourished at exponential rate (see, e.g., the special issues of References [12, 16] for a recent overview of the different methodologies). Among the different proposed methodologies, the Virtual Element Method (VEM), due to its flexibility in dealing with a wide variety of differential problems, has polarized an increasing research activity. VEM has been introduced in the seminal paper [5] and can be seen as an evolution of the Mimetic Finite Difference method, see, e.g., References [13, 33] for a detailed description. Since then, the VEM has been proposed to address an increasing number of different problems: general elliptic problems [9, 17] , linear and nonlinear elasticity [6, 29, 14] , plate bending [23, 27] , Cahn-Hilliard [3] , Stokes [2, 15] , Helmholtz [36] , parabolic [37] , Steklov eigenvalue [34] , elliptic eigenvalue [30] and discrete fracture networks [18] . Moreover, several different variants of the VEM have been developed and analysed: mixed [21, 8] , discontinuous [24] , H(div) and H(curl)-conforming [7] , hp [11] , serendipity [10] and nonconforming VEM. This latter formulation has been first analyzed for elliptic problems [4, 26] and subsequently extended to the Stokes problem [25] . Also, very recently, an approximation method for plate bending problems has been analyzed [38] , which is based on a globally C 0 -nonconforming virtual element space.
In this work we present the fully nonconforming virtual element method for the approximation of biharmonic problems. Our method works on unstructured polygonal meshes, provides arbitrary approximation order and does not require any global C 0 regularity for the numerical solution. The numerical approximation of biharmonic problems with nonconforming finite elements on triangular meshes has a very long tradition and it is beyond the scope of this introduction to provide a detailed account of it (see, e.g., the classical book [28] for a short overview). However, it is worth mentioning that as a by product of the results of this paper we obtain, on triangular meshes, a family of novel nonconforming finite elements of arbitrary order that are not continuous. Indeed, for the lowest order our nonconforming virtual element method on simplicial meshes reduces to the classical Morley element [35] , while for higher-order polynomial approximation degrees it gives rise to a new family of nonconforming finite elements.
The outline of the paper is as follows. In Section 2 we recall the continuous problem. In Section 3 we introduce our novel, arbitrary order, nonconforming virtual element discretization for the biharmonic problem. In Section 4 we derive the optimal error estimate in a broken energy norm. In Section 5 we numerically assess the validity of the theoretical estimate and, finally, in Section 6 we draw the conclusions. 
where · 2 0,D stands for the L 2 (D) norm and we set |α| = α 1 +α 2 for the nonnegative multiindex α = (α 1 , α 2 ). For any integer m ≥ 0, P m (D) is the classical space of polynomials of total degree up to m defined on D. Moreover, n = (n 1 , n 2 ) is the outward unit normal vector to ∂D, the boundary of D, and t = (t 1 , t 2 ) the unit tangent vector in the counterclockwise orientation of the boundary. To ease the notation, we may use u ,i to indicate the first order derivative along the i-th direction, and, accordingly, u ,n and u ,t for the normal and tangential derivatives. Whenever convenient, we shall also use the notation ∂ n u and ∂ t u instead of u ,n and u ,t . Moreover, we may denote high-order derivatives by repeating the index subscripts, e.g., u ,ij = ∂ 2 u/∂x i ∂x j , and, likewise, u ,nn , u ,tt , u ,nnt , etc, for multiple derivatives in the normal and tangential directions. We also use the summation convention of repeated indexes (Einstein's convention), so that
Finally, the notation A B will signify that A ≤ cB for some positive constant c independent of the discretization parameters.
The continuous problem
Let Ω ⊂ R 2 be a convex polygonal domain occupied by the plate with boundary Γ and let f ∈ L 2 (Ω) be a transversal load acting on the plate. According to the Kirchoff-Love model for thin plates [31] and assuming that the plate is clamped all over the boundary, the transversal displacement u is solution to the following problem
is the bending rigidity, t being the thickness, E the Young modulus, and ν the Poisson's ratio.
Consider the functional space V = v ∈ H 2 (Ω) : v = ∂ n v = 0 on Γ and denote by ·, · the duality pairing between V and its dual V * .
The variational formulation of (1) reads as:
Setting · V = | · | 2,Ω and employing the boundary conditions and Poincaré inequality, we can prove that · V is a norm on V . Moreover, it holds that
Hence, there exists a unique solution u ∈ V to (2) (see, e.g., [19] ).
2.1. Preliminaries. In this section, we collect some useful definitions that will be employed in the rest of the paper. Let σ ij (u) = λ(u ,11 + u ,22 )δ ij + µu ,ij with Lamé parameters
(we recall the summation notation of repeated indexes) and observe that
Moreover, let K ⊂ R 2 be a polygonal domain and set
Integrating by parts and employing (5) and (6) yield the following useful identities
where ∂e is the boundary of edge e ⊆ ∂K and n ∂e is the outwards normal "vector" to ∂e. For every edge e with end points v 1 and v 2 the boundary ∂e is the set {v 1 , v 2 }, and, depending on the chosen edge orientation, n ∂e at the end points is equal to +1 or −1.
Nonconforming virtual element discretization
The nonconforming virtual element approximation of the variational problem (1) reads as:
where V h, is the nonconforming virtual element space of order that approximates the functional space V , and a h (·, ·) and f h , · are the nonconforming virtual element bilinear form and load term that approximate a(·, ·) and f, · in (2), respectively. The rest of this section is devoted to the construction of these quantities.
3.1. Technicalities. Let {T h } h be a sequence of decompositions (meshes) of Ω into nonoverlapping polygons K. Each mesh T h is labeled by the mesh size parameter h, which will be defined below, and satisfies a few regularity assumptions that are necessary to prove the convergence of the method and derive an estimate of the approximation error. These regularity assumptions are introduced and discussed in Section 4. Let E h be the set of edges in
, where E i h and E Γ h are the set of interior and boundary edges, respectively. Similarly, we denote by V h = V i h ∪ V Γ h the set of vertices in T h , where V i h and V Γ h are the sets of interior and boundary vertices, respectively. Accordingly, V K h is the set of vertices of K. Moreover, |K| and |e| denotes the area of cell K and the length of edge e, ∂K is the boundary of K, h K is the diameter of K and the mesh size parameter is defined as h = max K∈T h h K . We introduce the broken Sobolev space for any integer number s > 0
and endow it with the broken H s -seminorm |v| 2 s,h = K∈T h |v| 2 s,K . We denote the traces of v on e ⊂ ∂K + ∩ ∂K − from the interior of K ± by v ± , respectively. Then, we define the jump of v on the interior edge e ∈ E i h by
For future use, we also introduce the nonconforming space
We next prove the following result. 
which implies that |v| 2,h is a norm on H 2,nc (T h ).
3.2.
Local and global nonconforming virtual element space. In this section, we introduce the local and global nonconforming virtual element spaces.
For ≥ 2, the local virtual element space is defined as follows:
with the usual convention that P −1 (K) = P −2 (K) = {0}. The solution of the biharmonic problem in the definition of V K h, is uniquely determined up to a linear function that can be filtered out by fixing the value at three non-aligned vertexes of K.
Remark 1. By construction, it holds that
We choose the degrees of freedom of V K h, as follows:
e ∂ n v h p ds for any p ∈ P −2 (e) and any edge e of ∂K;
1 |e| e v h p ds for any p ∈ P −3 (e) and any edge e of ∂K;
These degrees of freedom are illustrated in Figure 1 for the virtual element spaces with = 2, 3, 4, 5. We next show that these degrees of freedom are unisolvent in V K h, . Proof. Employing (7), for any v h ∈ V K h, there holds
We first observe that ∆ 2 v h is a polynomial of order − 4 on K. Moreover, we note that on each edge the functions M nn (v h ) and T (v h ) are polynomial of degree up to − 2 and − 3, respectively. Hence, by setting to zero the degrees of freedom we get a K (v h , v h ) = 0. This latter implies |v h | H 2 (K) = 0 which gives v h = 0 in view of the fact that setting to zero the nodal values of v h filters the linear polynomials (i.e. the kernel of the seminorm
Building upon the local spaces V K h, , the global nonconforming virtual element space is then defined as follows
We observe that by construction it holds V h, ⊂ H 2,nc (T h ) and V h, ⊆ H 2 0 (Ω). Moreover, it is important to remark that our nonconforming virtual element space does not require that its functions are globally continuous over Ω, thus admitting piecewise discontinuous functions on each partition T h (see also Remark 2 below).
Remark 2 (Lowest order case). Let us briefly comment on the lowest-order VE space, for = 2. In this case the local space is given by
and the local degrees of freedom are:
∂ n v h ds for any edge e of ∂K.
On triangular meshes the degrees of freedom (d1)-(d2) of V K h are the same of the Morley's nonconforming finite element space [35] and the unisolvence property from Lemma 2 implies that these two local spaces coincide. Finally, the global lowest-order nonconforming virtual element space is given by
and clearly contains functions that are piecewise discontinuous on T h .
Construction of the bilinear form. Starting from the local bilinear forms
is assembled in the usual way:
Each local bilinear form is given by
where Π ∆,K is the elliptic projection operator discussed below and S K (u h , v h ) is a symmetric and positive definite bilinear form such that
A practical and very simple choice for S K (·, ·) is the Euclidean scalar product associated to the degrees of freedom scaled by factor h
is the solution of the elliptic projection problem:
where
It is immediate to verify that Π ∆,K is a projector onto the space of polynomials P (K).
Indeed, for any q ∈ P (K) equation (12) with p = Π ∆,K q − q yields (Π ∆,K q) ,ij = q ,ij for i, j = 1, 2. This latter relation combined with (13) proves the assertion. Furthermore, as stated by the following lemma, the polynomial projection Π ∆,K v h is computable from the degrees of freedom of v h .
Lemma 3. The projector Π ∆,K : V K h, → P (K) can be computed using only the degrees of freedom (D1)-(D4).
Proof. In view of (12) and assuming, as usual, the computability of a K (p, q) for polynomial functions p, q, it is sufficient to prove the computability of a K (p, v h ) for any p ∈ P (K) and v h ∈ V K h, . Employing (7) we have
Each term of the right-hand side can be computed using only the degrees of freedom (D1)-(D4). Indeed, for the first term we note that ∆ 2 p is a polynomial of order − 4; for the second term we note that M nn (p) is a polynomial of order − 2 on each edge; for the third term we note that T (p) is a polynomial of degree − 3; finally, we note that the last term depends on the value of v h at the vertexes of K.
The local bilinear form a K h has the two crucial properties of polynomial consistency and stability that we state in the following lemma.
Lemma 4.
• -consistency: For any p ∈ P (K) and any v h ∈ V K h, it holds that:
• stability: For any v h ∈ V K h, it holds that:
where the hidden constants are independent of h and K (but may depend on ).
The proof is straightforward, and is therefore omitted.
3.4. Construction of the load term. Let Π K denote the L 2 -projection onto P (K) and f h be the piecewise polynomial approximation of f on T h given by
for ≥ 2 and every K ∈ T h . Then, we set
In view of (16) and using the definition of the L 2 -projection we find that
The right-hand side of (18) is computable by using the degrees of freedom (D1)-(D4) and the enhanced approach [1] that considers the augmented local space
Since (D1)-(D4) are still unisolvent in W K h, , we can compute the projection Π −2
K from the degrees of freedom of v h .
Finally, from (18) , employing the Cauchy-Schwarz inequality, standard approximation error estimates and (1) we have the estimate
which will be useful in the error analysis of the next section.
Error estimates
We now turn to the derivation of an optimal error estimate for the virtual element discretization (8).
On the mesh sequence {T h } h we make the following regularity assumptions: (H) there exists a fixed number ρ 0 > 0 independent of T h , such that for every element K it holds:
(H1) K is star-shaped with respect to all the points of a ball of radius ρ 0 h K (H2) every edge e ∈ E h has length |e| ≥ ρ 0 h K .
(H3) There exists a point x B interior to K such that the sub-triangulation obtained by connecting x B to the vertices of K is made of shape regular triangles.
The assumptions (H1)-(H2) are standard (see, e.g., [5] ) while (H3) is required to perform the error analysis (see, in particular, (23) and (24) in the proof of Theorem 2).
In view of the assumptions (H1)-(H2) on T h , we can define, for every smooth enough function w, an "interpolant" in V h, with the right interpolation properties. More precisely, if χ i (w), i = 1, . . . , N , denotes the i-th global degree of freedom of a sufficiently regular function w, there exists a unique element w I ∈ V h, such that
Moreover, combining Bramble-Hilbert technique and scaling arguments (see e.g. [5, 34] and [19] ) as in the finite element framework we can prove that
In accordance with the seminal paper [32] (see also [28] ) we obtain the following result.
Theorem 1. Under the regularity mesh assumptions (H1)-(H2)
, there exists a unique solution u h ∈ V h, to (8). Moreover, for every approximation u π ∈ P (T h ) of the exact solution u of (2), it holds that
where u I ∈ V h, is the interpolant of u in the virtual element space V h, and
is the non-conformity error.
Proof. Existence and uniqueness of the discrete solution follows easily from the LaxMilgram theorem by observing that a h (·, ·) is continuous and coercive with respect to | · | 2,h , which is a norm in H 2,nc in view of Lemma 1, and thus on V h, for any ≥ 2, cf. (10) . We now address the proof of (20) . Using the triangular inequality we have that (15) and (7) we obtain the developments
from which inequality (21) follows.
Finally, from the above result and bounding each term in (20) we obtain an estimate of the approximation error in the broken energy norm as stated in the following theorem.
Theorem 2. Let us assume that the solution to (2) satifies u ∈ H 3 (Ω). Under the regularity assumption (H) on the mesh T h , for ≥ 2 the unique solution u h ∈ V h, to (8) satisfies the following error estimate
Proof. In order to prove (22) it is sufficient to combine (19) with (20), use standard interpolation error estimates and the estimate of the conformity error N (u, δ h ). Let us focus on the last step. Assuming that u is sufficiently smooth we rewrite the conformity error as follows:
To estimate the above terms we employ the fact that δ h belongs to V h, and use standard interpolation error estimates for the L 2 -projection Π e on polynomials defined on e. In particular, for the first term for ≥ 2 we use the definition of the global virtual element space V h, and we find that
For the second term we first consider the case = 2, 3 and, in view of (H3), introduce, for each edge e ⊂ ∂K, the linear Lagrange interpolant I 1 T (e) of δ h on the triangle T (e) , which is obtained by connecting the point x B (interior to K) and the endpoints of e. Clearly, due to the H 2 regularity of δ h , the interpolant I 1
T (e) δ h can be built based on employing the values of δ h at the vertices of T (e) . In particular, using the fact that δ h is continuous at the endpoints of e we have [I 1
T (e) δ h ] |e = 0. Hence, for = 2 employing standard interpolation error estimates and a trace inequality we get
On the other hand, for = 3, we have
where we employed the definition of the global space V h,3 together with standard interpolation error estimates and a trace inequality. In case ≥ 4 we have
Finally, we consider the third term. Using the fact that δ h is continuous at the vertexes of T h and the fact that e [δ h ]pds = 0 ∀p ∈ P −3 (e) we deduce after integration by parts that e [δ h,t ]qds = 0 ∀q ∈ P −2 (e). Indeed, after observing that for any p ∈ P −3 (e) there exists q ∈ P −2 (e) \ P 0 (e) such that p = q we have
where we used the fact that the jump [δ h ] is zero when evaluated at the endpoints v 1 and v 2 of e. Finally, for q ∈ P 0 (e) we immediately have, after integration by parts,
In view of the above result we get
and this concludes the proof.
Numerical results
The numerical experiments presented in this section are aimed to confirm the a priori analysis developed in the previous sections. To study the accuracy of our new nonconforming method we solve the biharmonic problem (1a)- (1c) 
which obviously satisfies the boundary conditions in (1b)-(1c).
The performance of the VEM is investigated by observing experimentally the convergence behavior on four different sequences of unstructured meshes labelled by T
, and T , also known as criss-cross meshes, are composed by first partitioning Ω in regular square grids and then splitting each square cell into four triangular subcells by connecting the four vertices along the diagonal. It is worth recalling that our nonconforming VEM for = 2 on triangular meshes coincides with the Morley finite element method [35] . The meshes in T (2) h h are built as follows. First, we determine a primal mesh by remapping the position (x,ŷ) of the nodes of a uniform square partition of Ω by the smooth coordinate transformation (see [22] ):
x =x + 0.1 sin(2πx) sin(2πŷ), y =ŷ + 0.1 sin(2πx) sin(2πŷ).
Then, the corresponding mesh of T (2) h h is built from the primal mesh by splitting each quadrilateral cell into two triangles and connecting the barycenters of adjacent triangular cells by a straight segment. The mesh construction is completed at the boundary by connecting the barycenters of the triangular cells close to the boundary to the midpoints of the boundary edges and these latter ones to the boundary vertices of the primal mesh. The meshes in T are built by partitioning the domain Ω into square cells and relocating each interior node to a random position inside a square box centered at that node. The sides of this square box are aligned with the coordinate axis and their length is equal to 0.8 times the minimum distance between two adjacent nodes of the initial square mesh. All the meshes are parametrized by the number of partitions in each direction. The starting mesh of every sequence is built from a 5 × 5 regular grid, while for the n-th refined mesh the underlying resolution is 10n × 10n. For the virtual element spaces of order 2 ≤ ≤ 4 we consider a sequence of 9 meshes; for = 5 the calculation is arrested after the fifth mesh when rounding errors begin affecting the accuracy of the approximation due to the increasing ill-conditioning of the algebraic problem.
For ≥ 2, we define the relative "2h" error by
with Π ∆ |K = Π ∆,K . Thus, on every element K ∈ T h , we compare Π ∆,K u, the elliptic projection of the exact solution u and Π ∆,K u h , the projection of the virtual element solution u h . These relative errors are shown in the log-log plots of Figs. 3, 4 , 5, and 6, with respect to the mesh size parameter h (left panels) and the number of degrees of freedom (right panels). The convergence rate is reflected by the slope of the experimental error curves that are obtained by joining the error values measured on the sequence of refined meshes for each polynomial degree 2 ≤ ≤ 5. Each experimental slope has to be compared with the theoretical slope, which is shown for each curve by a triangle and whose value is indicated by the nearby number. From the a priori analysis of Section 4, cf. Theorem 2 and inequality (22)), the 2h-approximation errors must decrease proportionally to h −1 when we use the virtual element space V h . These errors are also expected to decrease proportionally to
2 , where |V h | is the total number of degrees of freedom of the -th virtual element space, because |V h | is roughly proportional to h −1/2 , Accordingly, the experimental slopes for Error 2,h are expected to be closed to − 1 and ( − 1)/2 when we plot the error curves versus the mesh size parameter h and the number of degrees of freedom. The experimental convergence rates are in perfect agreement with the theoretical ones for all such calculations.
Finally, it is worth mentioning that in a preliminary stage of this work, the consistency of the nonconforming VEM of order for 2 ≤ ≤ 5, i.e., the exactness of the method for polynomial solutions of degree up to , has been tested numerically by solving the biharmonic equation (1a) with Dirichlet boundary conditions and forcing term determined by the monomials x µ y ν for all possible combinations of integers µ and ν such that µ + ν ≤ . Non-homogeneous Dirichlet conditions were imposed in strong form by setting the boundary degrees of freedom to the values determined by the exact solution. For these experiments, we considered a wider set of polygonal meshes (including the four considered in this section). In all the cases, the magnitude of the 2h errors was comparable to the arithmetic precision, thus confirming the polynomial consistency of the method. We also verified that our nonconforming VEM for = 2 on the criss-cross triangular meshes provides the same results of an independent implementation of the Morley finite element method. For the sake of brevity, these results are not reported here.
Conclusions
In this paper we presented the arbitrary-order accurate fully nonconforming virtual element method for biharmonic problems on polygonal meshes. The virtual element space is made of functions that may be globally not-continuous. An optimal error estimate in Table 4 . Geometric data and number of degrees of freedom of the sequence of randomized quadrilateral meshes. 
